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Bourgoin deﬁned the notion of a twisted link which corresponds to a stable equivalence
class of links in oriented thickenings. It is a generalization of a virtual link. Some invariants
of virtual links are extended for twisted links including the knot group and the Jones
polynomial. In this paper, we generalize a multivariable polynomial invariant of a virtual
link to a twisted link. We also introduce a quandle of a twisted link.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Virtual knot theory is a generalization of knot theory which is based on Gauss chord diagrams and link diagrams on
closed oriented surfaces [10]. Virtual links correspond to stable equivalence classes of links in oriented 3-manifolds which
are trivial line bundles over closed oriented surfaces [3,8]. Bourgoin extended it to twisted knot theory, which is focused on
link diagrams on closed, possibly non-orientable surfaces. Twisted links correspond to stable equivalence classes of links in
oriented 3-manifolds which are line bundles over closed possibly non-orientable surfaces [2]. Virtual links are regarded as
twisted links.
A virtual link diagram is a link diagram which may have virtual crossings, which are encircled crossings without over-under
information. A twisted link diagram is a virtual link diagram which may have some bars on arcs. Two examples of twisted
link diagrams are depicted in Fig. 1.
A virtual link is an equivalence class of a virtual link diagram by Reidemeister moves and virtual Reidemeister moves in
Figs. 2 and 3. A twisted link is an equivalence class of a twisted link diagram by Reidemeister moves, virtual Reidemeister
moves and twisted Reidemeister moves in Figs. 2, 3 and 4.
Kauffman extended the Jones polynomial ( f -polynomial), the knot group and the knot quandle to a virtual link [10].
In [2], Bourgoin extended the Jones polynomial and the knot group to a twisted link. Some invariants of classical links or
virtual links are generalized to twisted links. A multivariable polynomial invariant of a virtual link is deﬁned by Dye and
Kauffman [4], and Miyazawa [12], independently. It is a reﬁnement of the Jones polynomial. In this paper, we extend the
multivariable polynomial invariant to twisted links. We also deﬁne quandles of twisted links. We give some applications of
these invariants.
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Fig. 2. Reidemeister moves.
Fig. 3. Virtual Reidemeister moves.
Fig. 4. Twisted Reidemeister moves.
Fig. 5. Pole.
Fig. 6. An example of a pole diagram.
2. Multivariable polynomial invariants
A pole diagram is a twisted link diagram which may have some poles on its edges as depicted in Fig. 5 (cf. [5]). See Fig. 6
for an example of a pole diagram.
A local replacement at a real crossing of a twisted link diagram depicted in Fig. 7 indicated A or B is called A-splice or
B-splice, respectively. A state of a twisted link diagram D is a pole diagram obtained from D by applying A-splice or B-splice
at each real crossing of D . Note that a state has no real crossings.
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Let  be a loop of a state of D . Note that the number of poles on  is even, since the orientations of the edges of 
change alternately at each pole. We deﬁne an index, denoted by ι() ∈ Z as follows, where we ignore orientations of all
edges of .
(1) ι(
r pairs︷ ︸︸ ︷
) = r, where 2r poles appear on both sides alternately, and the dotted line may have some virtual cross-
ings and some bars.
(2) ι( © ) = ι( © ).
(3) ι( ) = ι( ).
(4) ι( ) = ι( ).
Note that ι() = 0 if the number of bars on  is odd by (2), (3) and (4).
For a twisted link diagram D , let S be a state of D and ω(D) be the writhe of D , which is the number of the positive
crossings minus that of negative ones. We denote the number of A-splices minus that of B-splices applied to obtain S from
D by S . The number of loops of S is denoted by S . The number of loops of S which have odd numbers of bars on them
is denoted by o S . The number of loops of S whose indices are i is denoted by τi(S).
For a state S , we deﬁne 〈〈D|S〉〉 by
〈〈D | S〉〉 = AS(−A2 − A−2)SMo Sdτ1(S)1 dτ2(S)2 · · · ∈ Z
[
A, A−1,M,d1,d2, . . .
]
,
and we deﬁne 〈〈D〉〉 by 〈〈D〉〉 =∑S 〈〈D|S〉〉, where S runs over all states of D . Let RD = (−A3)−ω(D)〈〈D〉〉.
Theorem 1. The polynomial RD is an invariant of a twisted link.
Proof. Let D and D ′ be twisted link diagrams such that they are related by one of Reidemeister moves, virtual Reidemeister
moves and twisted Reidemeister moves. We see that RD is equal to RD ′ by the analogous argument to that of Theorem 1
in [7]. 
By substituting 1 for di , RD turns into the polynomial invariant which is equivalent to the twisted Jones polynomial
f˜ D(A,M) deﬁned in [2]. By substituting (ti + t−i)/2 for di , RD turns into the polynomial invariant which is equivalent to
the polynomial invariant of D deﬁned in [7].
Proposition 2. There is a map γ : Z[A, A−1,M,d1,d2, . . .] → Z such that for any twisted link L represented by a diagram D, the real
crossing number of L is equal to or greater than γ (RD).
Proof. For a monomial kApdτ (1)1 d
τ (2)
2 · · ·dτ (q)q ∈ Z[A, A−1,M,d1,d2, . . .], we deﬁne κ(kApdτ (1)1 dτ (2)2 · · ·dτ (q)q ) by
∑q
i=1 iτ (i).
The map
γ : Z[A, A−1,M,d1,d2, . . .]→ Z
sends g ∈ Z[A, A−1,M,d1,d2, . . .] to the maximal of {κ(I)|I is a term of g}. By the deﬁnition of RD , the image of this map
is less than or equal to the number of real crossings of D . 
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There is a similar relationship between the virtual crossing number of a virtual link L represented by a diagram D and
γ (RD) [4,12].
For a polynomial g ∈ Z[A, A−1,M,d1,d2, . . .], we denote the maximal degree (or minimal degree) of A of g by
MaxdegA g (or MindegA g) and SpanA g is deﬁned by MaxdegA g −MindegA g .
Let D be a twisted link diagram on S2 with μ components. Let C = C1 ∪ · · · ∪ Cμ be the disjoint union of μ circles and
let f : C → S2 be an immersion such that D is the image of f with information of real crossings, virtual crossings and bars.
The Gauss diagram means the 1-dimensional complex obtained from C by attaching some arcs corresponding to the real
crossings. We call the number of the connected components of the Gauss diagram the Gauss connected number of D .
Theorem 3. Let D be a twisted link diagram with m real crossings whose Gauss connected number is b. Then we have
SpanA(RD) 4(m + b).
In particular, if D represents a non-split twisted link then SpanA(RD) 4m + 4.
We give the proof of Theorem 3 in Section 4. A similar relation was found by S. Satoh and Y. Tomiyama for the Jones
polynomial invariant and multivariable polynomial invariant for virtual links in [13].
For example, the twisted Jones polynomials of the twisted link diagram in Fig. 8 is −A2− A−2. Our multivariable invariant
of it is (−A2− A−2)((A2+ A−2)2+2(A2+ A−2)+1−((A2+ A−2)2+2(A2+ A−2))d21), which means the real crossing number
of it is greater than or equal to 2.
The twisted Jones polynomials of two twisted links presented by the diagrams D2 and D ′2 in Fig. 1(i) and (ii) are
−A−6(A2 + A−2)(A2 + 1 − A−4). On the other hand, our multivariable polynomials of them are −(A2 + A−2)(A−4 +
A−8(A2 − A−2)d1) and −A−6(A2 + A−2)(A2 + 1 − A−4), respectively. We conclude that D2 and D ′2 are not equivalent.
We also see that the real crossing numbers are 2 by Theorem 3.
3. Quandles of twisted links
Let D be a twisted link diagram. An edge of D means a connected component of D \({real crossings}∪{virtual crossings}∪
{bars}). An edge is an arc or a simple loop. Let e1, . . . , ep be the edges of D . We assume that if ei is an arc then ei+1 is
an arc that follows ei in the diagram unless ei is the last edge on a component of D . The twisted knot group of D , denoted
by Π˜(D), is deﬁned as follows: The generating set is {x1, y1, x2, y2, . . . , xp, yp} where xi and yi (i = 1, . . . , p) are symbols
associated to each edge ei . For a positive crossing, we associate four relations given in Table 1(i), where xi, yi , xi+1, yi+1,
x j, y j and x j+1, y j+1 are symbols as in Fig. 9(i). Similarly, for a negative crossing, we associate four relations in Table 1(ii),
where xi, yi , xi+1, yi+1, x j, y j and x j+1, y j+1 are symbols as in Fig. 9(ii). For a virtual crossing, we associate four relations in
Table 1(iii), where xi, yi , xi+1, yi+1, x j, y j and x j+1, y j+1 are symbols as in Fig. 9(iii). For a bar, we associate two relations in
Table 1(iv), where xi, yi and xi+1, yi+1, are symbols as in Fig. 9(iv). Then the set of deﬁning relations of Π˜(D) are relations
associated with the crossings and bars of D .
Theorem 4. (Bourgoin [2]) The twisted knot group is an invariant of a twisted link.
Bourgoin [2] shows that if D is a virtual link diagram, then Π˜(D) is the free product of the upper knot group and the
lower knot group of D .
The quandle is a set X with a binary operator ∗, which satisﬁes the following.
1. For any x ∈ X , x ∗ x = x.
2. For any y ∈ X , the map S y : X −→ X deﬁned by x 
→ x ∗ y is a bijection.
3. For any x, y, z ∈ X , (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z).
The quandle of a classical link was deﬁned in [6,11]. Kauffman [10] deﬁned the quandles Q(D) of a virtual link dia-
gram D , which is a virtual link invariant.
Let e1, . . . , ep be the edges of D . The twisted quandle of D , denoted by Q˜(D), is deﬁned in a manner analogous to the
twisted knot group. The generating set is {x1, y1, x2, y2, . . . , xp, yp} where xi and yi (i = 1, . . . , p) are symbols associated
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Table 1
Relations of twisted knot group.
(i) (ii) (iii) (iv)
xi+1 = xi xi+1 = xi xi+1 = xi
x j+1 = x−1i x j xi x j+1 = xi x j x−1i x j+1 = x j xi+1 = yi
yi+1 = y−1j yi y j yi+1 = y j yi y−1j yi+1 = yi yi+1 = xi
y j+1 = y j y j+1 = y j y j+1 = y j
Table 2
Relations of twisted quandle.
(i) (ii) (iii) (iv)
xi+1 = xi xi+1 = xi xi+1 = xi
x j+1 = x j ∗ xi x j = x j+1 ∗ xi x j+1 = x j xi+1 = yi
yi+1 = yi ∗ y j yi = yi+1 ∗ y j yi+1 = yi yi+1 = xi
y j+1 = y j y j+1 = y j y j+1 = y j
Fig. 10. Twisted knot quandles of two diagrams which are related with twisted Reidemeister move.
to each edge ei . For a positive crossing, a negative crossing, a virtual crossing, and a bar, we associate four or two relations
in Table 2(i), (ii), (iii) and (iv), respectively, where xi, yi , xi+1, yi+1, x j, y j and x j+1, y j+1 are symbols as in Fig. 9(i), (ii), (ii)
and (iv), respectively.
Theorem 5. The twisted quandle of a twisted link is an invariant of a twisted link.
Proof. The proof is analogous to that of Theorem 4. We show a case that two twisted link diagrams D and D ′ are related
with a twisted Reidemeister move of type III depicted in Fig. 10. Eight generators xi, yi, xi+1, yi+1, x j, y j, x j+1, and y j+1 of
Q˜(D) (or Q˜(D ′)) are deﬁned as in Fig. 10. For D and D ′ , we have the same relations, yi+1 = yi , y j+1 = y j ∗ yi , xi+1 = xi ∗ x j ,
and x j+1 = x j . The other cases are shown similarly. 
4. Proof of Theorem 3
Let D be a twisted link diagram on S2 with m real crossings. We construct an immersed surface Σ(D) in S2 × [−1,1]
associated with D . Each real crossing of D corresponds to a saddle part of a surface Σ(D) as in Fig. 11(i). Each virtual
crossing of D corresponds to two intersecting bands of Σ(D) as in Fig. 11(ii). Each edge of D corresponds to a band of
Σ(D) as in Fig. 11(iii).
For example let D2 and D ′ be the diagrams in Fig. 1. Then Σ(D2) = Σ(D ′ ), which is a surface illustrated in Fig. 12.2 2
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Fig. 12. An example of Turaev surface.
All loops of the boundary of Σ(D) in S2 × 1 (or S2 × −1, resp.) correspond to loops of the state S A(D) (or SB(D)) of D
obtained by applying A-splice (or B-splice) at each real crossing of D . Let Σ˜(D) be a compact surface such that Σ(D) is
regarded as the image of an immersion from Σ˜(D) to S2 × [−1,1]. We denote the closed surface obtained from Σ˜(D) by
attaching some disks along loops of the boundary, by Σ̂(D). Then we see that the Euler characteristic χ(Σ̂(D)) of Σ̂(D) is
−m + S A(D) + SB(D).
We call the surface Σ(D) Turaev surface of D . For classical cases, see [1]. Note that if the Gauss connected number is b,
then Σ̂(D) is a closed surface with b connected components and hence χ(Σ̂(D)) 2b.
Proof of Theorem 3. Let D be a twisted link diagram with m real crossings. By deﬁnition of 〈〈D|S〉〉, we have
MaxdegA〈〈D|S A(D)〉〉 =m + 2S A(D) and MindegA〈〈D|SB(D)〉〉 = −m − 2SB(D). So we see that
MaxdegA
〈〈
D
∣∣ S A(D)〉〉−MindegA
〈〈
D
∣∣ SB(D)〉〉= 2m + 2(S A(D) + SB(D))
= 2m + 2(m + χ(Σ̂(D)))
 4(m + b).
Let S be a state of D obtained from D obtained by applying B-splices (or A-splices) at k real crossings and A-splices (or
B-splices) at the others. Thus we have S A − k S  S A + k (or SB − k S  SB + k). Then we see that
MaxdegA〈〈D|S〉〉 =m − 2k + 2S MaxdegA
〈〈
D
∣∣ S A(D)〉〉(
or MindegA〈〈D | S〉〉 = −m + 2k − 2S MindegA
〈〈
D
∣∣ SB(D)〉〉)
for a state S of D , which means that MaxdegA〈〈D〉〉 MaxdegA〈〈D|S A(D)〉〉 (or MindegA〈〈D〉〉 MindegA〈〈D|SB(D)〉〉).
Therefore we have the result. 
5. Applications
For n ∈ N, let Xn be a dihedral quandle, which is Z/nZ with x ∗ y = 2y − x. For a twisted link diagram D , let e1, . . . , ep
be the edges of D and {x1, y1, x2, y2, . . . , xp, yp} the generating set of the quandle Q˜(D) as before. A coloring of D by Xn
is a homomorphism from Q˜(D) to Xn , which is a map sending the generators to elements of Xn (denoted by the same
symbols) such that they satisfy the equations in Table 2(i), (ii), (iii) and (iv). The number of colorings of D is denoted by
c˜oln(D).
Proposition 6. c˜oln(D) is an invariant of a twisted link D.
Proposition 7. (cf. [9]) Let D be a twisted link diagram. If c˜oln(D) is less than n × n, D is not equivalent to any virtual link.
Proof. If D is equivalent to a virtual link, there is a virtual link diagram D ′ which is equivalent to D . Then the quandle of
D is a free product of upper quandle and lower quandle. Thus c˜oln(D ′) is greater than or equal to n × n since the number
of upper (or lower) dihedral quandle of order n is greater than or equal to n. 
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Fig. 14. A twisted link diagram of the trivial knot.
For two twisted link diagrams D2 and D ′2 in Fig. 1(i) and (ii), we have c˜ol3(D2) = 9 (or c˜ol3(D ′2) = 3) in Fig. 1(i) (or
(ii)). Thus the twisted link diagrams in Fig. 1(i) and (ii) are not equivalent. The diagram in Fig. 1(ii) is not equivalent to any
virtual link diagram since c˜ol3(D ′2) = 3 by Proposition 7. They are also distinguished by the twisted link groups [2].
For m > 1, the twisted Jones polynomials of two twisted links presented by the diagrams Dm and D ′m in Fig. 13 are−A−6(A4 + A−4) − A−4m(A3 − A−3)(A + A−1) (or −A6(A4 + A−4) + A−4m+12(A3 − A−3)(A + A−1)) if m is even (or odd).
Our invariant of Dm is −A−6(A4 + A−4) − A−4m(A2 − A−2)((A2 + A−2)d1 + 1) (or −A6(A4 + A−4)
+ A−4m+12(A2 − A−2)((A2 + A−2)d1 + 1)) if m is even (or odd). Our invariant of D ′m is the same as the twisted Jones
polynomial of Dm . Thus the twisted link diagrams Dm1 and D
′
m2 are not equivalent for any m1,m2 > 1.
The real crossing number of the twisted link presented by Dm (or D ′m) is m from Theorem 3 since SpanA(RDm ) = 4m+ 2
(or SpanA(RD ′m ) = 4m + 2).
Thus Dm1 is not equivalent to Dm2 and D
′
m1 is not equivalent to D
′
m2 for m1 =m2.
We have c˜oln(Dm) = n × n. We obtain c˜oln(D ′m) = n if n and 4m − 6 are coprime, which implies that the twisted link
diagrams Dm and D ′m are not equivalent. Furthermore the diagram D ′m is not equivalent to any virtual link diagram by
Proposition 7.
Therefore we have the following theorem.
Theorem 8. For m > 1, there is a twisted knot such that
(1) its real crossing number is m,
(2) it is not a virtual knot, and
(3) its twisted Jones polynomial is the same as a virtual knot.
Theorem 9. The twisted Reidemeister move of type III in Fig. 4 is not a consequence of the other moves in Figs. 2, 3 and 4.
Let η be the map from {twisted link diagrams} to {virtual link diagrams} such that for a twisted link diagram, η(D) is
the virtual link diagram obtained from D by forgetting all bars of D .
Proof of Theorem 9. If a twisted link diagram D is related to a twisted link diagram D ′ with one of Reidemeister moves,
virtual Reidemeister or twisted Reidemeister moves except the twisted Reidemeister move of type III, then the polynomial
invariants are equal: Rη(D) = Rη(D ′) . The following example shows that there is a pair of twisted link diagrams D and D ′
such that D ′ is obtained from D by applying the moves including the twisted Reidemeister move of Type III in Fig. 4 and
that Rη(D) = Rη(D ′) . 
Example. The twisted link diagram D in Fig. 14 is related to a trivial link diagram with the sequence of Reidemeister moves,
virtual Reidemeister or twisted Reidemeister moves including twisted Reidemeister of type III as depicted in Fig. 15. The
virtual knot η(D) is Kishino’s knot, which means that Rη(D) = 1 [4,12]. On the other hand, Rη(D ′) = 1.
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